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A B S T R A C T

A new methodology for the simulation of spatially distributed petrophysical properties conditioned by elastic
attributes as secondary variables is presented. The method, namely Bernstein copula-based spatial cosimulation
(BCSCS), is based on Bernstein copula for the estimation of the joint probability function and simulated
annealing for the spatial simulation. The proposed method can model complex non-linear relationships between
variables in a fully nonparametric approach. The main advantage is that it does not require linear dependence
between variables nor any distribution constraint. This method is first validated in a 1-dimensional case at
the well-log scale and it is applied in a 2-dimensional case at the seismic scale to predict effective porosity
conditioned to P-impedance in a marine hydrocarbon reservoir located offshore Mexico. The uncertainty
quantification analysis shows that the BCSCS method significantly reduces the uncertainty compared to the
traditional sequential Gaussian cosimulation method.

1. Introduction

Petrophysical modeling in reservoir characterization consists of pre-
dicting petrophysical properties and their spatial configuration within
the reservoir model (Cosentino, 2001). These properties cannot be mea-
sured directly in the reservoir, and they are usually inferred from other
measurements (e.g. elastic attributes). Petrophysical property modeling
in hydrocarbon reservoirs is challenging because of the limited amount
of data available and the uncertainty in the measurements. For this
reason, in recent years, stochastic simulation approaches have been
adopted for the spatial distribution of petrophysical properties (Yarus
and Chambers, 1994; Deutsch, 2002; Dubrule, 2003; Caers, 2005;
Coburn et al., 2006; Doyen, 2007).

Seismic attributes are commonly used as secondary variables for
predicting and statistical simulating rock and fluid properties. Among
the estimation methods, the most common approaches are regres-
sion models (Chatterjee et al., 2016; Yenwongfai et al., 2017), neural
networks (Iturrarán-Viveros, 2012; Iturrarán-Viveros and Parra, 2014;
Alfarraj and AlRegib, 2018; Gogoi and Chatterjee, 2019; Maurya and
Singh, 2019), and cokriging (Doyen et al., 1996; Babak and Deutsch,
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2009; Moon et al., 2016; Xu et al., 2016). Spatial estimation methods
have several disadvantages; since they require a large amount of data,
produce smoothed results underestimating the variability due to natu-
ral heterogeneities, do not reproduce statistical properties, and do not
give a systematic way to quantifying the uncertainty.

To overcome these challenges, spatial simulation methods have
been proposed (Yarus and Chambers, 1994; Deutsch, 2002; Dubrule,
2003; Caers, 2005; Coburn et al., 2006; Doyen, 2007; Horta and
Soares, 2010; Chilès and Delfiner, 2012). The most common simula-
tion methods are sequential Gaussian cosimulation (SGCS) (Gómez-
Hernández and Journel, 1993; Verly, 1993; Almeida and Journel, 1994;
Parra and Emery, 2013; Emery and Parra, 2013; Verly, 1993; Almeida
and Journel, 1994; Parra and Emery, 2013; Emery and Parra, 2013;
Cao et al., 2014; Afshari and Shadizadeh, 2015), direct sequential
cosimulation (Soares, 2001, 2005; Horta and Soares, 2010; Azevedo
and Soares, 2017; Soares et al., 2017), simulated annealing cosim-
ulation (Deutsch and Cockerham, 1994a,b; Vejbæk and Kristensen,
2000; Dafflon and Barrash, 2012), Gaussian mixture cosimulation
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(Grana and Rossa, 2010; Grana et al., 2012, 2017; Lang and Grana,
2017; Figueiredo et al., 2019), and nonparametric mixture approach
using kernel smoothing (Grana, 2018; Corina and Hovda, 2018). Spatial
simulation methods reproduce the spatial variability and statistical
properties; as they are often used for uncertainty quantification and
do not depend on large dataset availability (Doyen, 2007).

The SGCS method assumes stationary random functions and it is
generally applied with a linear co-regionalization model (Chilès and
Delfiner, 2012). These assumptions imply a linear dependence between
the primary and secondary variables. An extension of the SGCS method
is the GauMix method where the model distribution is assumed to be
a linear combination of multiple Gaussian pdfs. However, Gaussian
distributions and the linear assumption do not correctly capture the
dependency relationships between the variables in the real dataset.

For this reason, we present the Bernstein copula-based method that
can correctly capture and reproduce complex relationships between
variables without any assumptions of linearity or Gaussian distribution.
Copulas have become popular in the financial sector to model complex
data relationships and have been recently applied in geosciences (Díaz-
Viera and Casar-González, 2005; Bárdossy, 2006; Bárdossy and Li,
2008; Stien and Kolbjørnsen, 2008; Kazianka and Pilz, 2010; Haslauer
et al., 2010; Erdely and Díaz-Viera, 2010; Gräler and Pebesma, 2011;
Hernández-Maldonado et al., 2012, 2014; Gräler, 2014; Erdely and
Díaz-Viera, 2015; Bevacqua et al., 2017; Krupskii and Genton, 2019).
There are two approaches to estimate the joint dependence based on
parametric and nonparametric copula.

In the published literature, there are examples of parametric copula
approach by several authors. Díaz-Viera and Casar-González (2005) and
Díaz-Viera et al. (2006) applied copula using dependency measures
such as Kendall and Spearman to simulate permeability using porosity
as secondary variable; Bárdossy and Li (2008) applied a Gaussian
copula for spatial interpolation of nitrate concentration; Kazianka and
Pilz (2010) applied a Gaussian copula for spatial interpolation of bench-
mark geostatistical dataset; Erdely and Díaz-Viera (2015) applied a
Vine trivariate parametric copula to predict permeability conditioned
to porosity and P wave velocity. The nonparametric approach has been
developed primarily by Erdely and Díaz-Viera (2010) and Hernández-
Maldonado et al. (2012), who applied the bivariate Bernstein copula
to predict permeability conditioned to porosity; Hernández-Maldonado
et al. (2014) applied the trivariate Bernstein copula to predict perme-
ability conditioned to porosity and S-wave velocity; Díaz-Viera et al.
(2017) applied Bernstein copula to predict total porosity conditioned
to P-impedance in 2D applications.

This work is a natural extension of the approach by Díaz-Viera et al.
(2017) and shows the application of the BCSCS method to reservoir
properties modeling conditioned to elastic attributes. The methodology
is based on realizations obtained using the simulated annealing method
where the joint probability distribution is estimated by a Bernstein
nonparametric copula. The novelty of this work is in the use of the
Bernstein copula method for geophysical inverse problems. It combines
the inference of joint cumulative distribution function with the simula-
tion annealing method to predict geostatistical realizations of reservoir
properties. Furthermore, this approach is extended to multidimensional
problems with applications to 2D sections of seismic attributes. The
methodology is first described. Then, the method validation in a 1-
dimensional case is presented using well log data and the advantages
of BCSCS are shown through a comparison with SGCS. Finally, a case
study in a 2-dimensional space along a seismic survey line are presented
and discussed for the prediction of effective porosity conditioned to P-
impedance at the seismic scale to a marine reservoir dataset acquired
in the Gulf of Mexico.

2. Methodology

The proposed methodology aims to predict the petrophysical vari-
ables conditioned by elastic properties and generate geostatistical re-
alizations that represent the spatial variability of the property. The

method includes two main parts: first the joint distribution of petro-
physical and elastic variables is inferred from the available data using
Bernstein copula, then these distributions are used to sample geostatis-
tical realizations of the petrophysical properties conditioned by elastic
measurements by combining the previously obtained distributions with
simulated annealing. The workflow is summarized in Fig. 1.

The Bernstein copula-based spatial cosimulation (BCSCS) consists of
capturing the univariate and bivariate probability distribution functions
by approximating the Bernstein polynomial in its univariate empir-
ical functions and empirical copula. Then, the global optimization
method is applied through simulated annealing to reproduce the spatial
dependence function.

Introduction to copulas
According to Sklar’s theorem in Sklar (1959): Let 𝐻 be a bivariate

joint distribution function and 𝐹 and 𝐺 be the marginal distributions.
A copula is a function 𝐶: [0, 1]2→[0, 1] such that for all 𝑥, 𝑦 in 𝐑,

𝐻(𝑥, 𝑦) = 𝐶(𝐹 (𝑥), 𝐺(𝑦)) (1)

If 𝐹 and 𝐺 are continuous, then 𝐶 is unique; otherwise, 𝐶 is
uniquely determined on 𝑅𝑎𝑛𝐹 ×𝑅𝑎𝑛𝐺. Copula associated to a bivariate
random vector (𝑋, 𝑌 ) describes the relationship between 𝑋 and 𝑌 .

Let 𝐹 (𝑥) = 𝑢, 𝐺(𝑦) = 𝑣. According to Nelsen (2006) and Joe (2014),
the properties of copulas are:

1. 𝑢 = 𝐶(𝑢, 1);
2. 𝑣 = 𝐶(1, 𝑣);
3. 𝐶(0, 𝑣) = 𝐶(𝑣, 0) = 0;
4. For each 𝑢1, 𝑢2, 𝑣1, 𝑣2 in I = [0, 1] such that 𝑢1 ≤ 𝑢2 and 𝑣1 ≤ 𝑣2

then:
𝐶(𝑢2, 𝑣2) − 𝐶(𝑢1, 𝑣2) − 𝐶(𝑢2, 𝑣1) + 𝐶(𝑢1, 𝑣1) ≥ 0;

5. The random variables 𝑢 y 𝑣 are independent if and only if
𝐶(𝑢, 𝑣) = 𝛱(𝑢, 𝑣) = 𝑢𝑣;

6. 𝑊 (𝑢, 𝑣) ≤ 𝐶(𝑢, 𝑣) ≤ 𝑀(𝑢, 𝑣) where 𝑊 (𝑢, 𝑣) = 𝑚𝑎𝑥(𝑢 + 𝑣 − 1, 0) and
𝑀(𝑢, 𝑣) = 𝑚𝑖𝑛(𝑢, 𝑣) are also copulas.

7. 0 ≤ 𝜕
𝜕𝑢𝐶(𝑢, 𝑣) ≤ 1 and 0 ≤ 𝜕

𝜕𝑣𝐶(𝑢, 𝑣) ≤ 1;
8. 𝑢 ⟼

𝜕𝐶(𝑢,𝑣)
𝜕𝑣 and 𝑣 ⟼

𝜕𝐶(𝑢,𝑣)
𝜕𝑢 are nondecreasing;

9. The copula density function: 𝑐(𝑢, 𝑣) = 𝜕2𝐶(𝑢,𝑣)
𝜕𝑢𝜕𝑣 exists when 𝐶 is

absolutely continuous.

Let 𝑆 = {(𝑥1, 𝑦1), (𝑥2, 𝑦2),… , (𝑥𝑛, 𝑦𝑛)} be observations of the random
variables 𝑋 and 𝑌 , where 𝑋 is the elastic attribute and 𝑌 is the petro-
physical property. Georeferenced random variables are characterized
by joint and univariate cumulative distribution functions 𝐻(𝑥, 𝑦), 𝐹 (𝑥),
𝐺(𝑦), and the spatial correlation function (𝛾). Once these functions are
known then the variables can be simulated.

From the observations of 𝑆, the empirical univariate cumulative
distribution functions 𝐹𝑛(𝑥) and 𝐺𝑛(𝑦) of 𝑋 and 𝑌 , respectively, are
estimated by:

𝐹𝑛(𝑥) =
1
𝑛

𝑛
∑

𝑘=1
I{𝑥(𝑘) ≤ 𝑥}, 𝐺𝑛(𝑦) =

1
𝑛

𝑛
∑

𝑘=1
I{𝑦(𝑘) ≤ 𝑦} (2)

where I represents an indicator function equal to 1 when its argument
is true, and 0 otherwise.

The empirical copula is a function 𝐶𝑛 with domain { 𝑖
𝑛 ; 𝑖 = 0, 1,… ,

𝑛}2 defined as:

𝐶𝑛

(

𝑖
𝑛
,
𝑗
𝑛

)

= 1
𝑛

𝑛
∑

𝑘=1
I{𝑟𝑎𝑛𝑘(𝑥𝑘) ≤ 𝑖, 𝑟𝑎𝑛𝑘(𝑦𝑘) ≤ 𝑗} (3)

The functions 𝐹𝑛, 𝐺𝑛 and 𝐶𝑛 are step functions while 𝑋 and 𝑌
are continuous variables. Hence, a smoothing technique is necessary.
Several smoothing methods are available, such as B-spline (Shen et al.,
2008), Kernel density (Nagler and Czado, 2016), Bernstein polyno-
mial (Erdely and Díaz-Viera, 2010), etc. In this method, we use Bern-
stein polynomial because of its analytical tractability.

The univariate quantile function 𝑄(𝑢) of the random variable 𝑋:

𝑄(𝑢) = 𝐹−1(𝑢) = inf{𝑥 ∶ 𝐹 (𝑥) ≥ 𝑢}, 0 ≤ 𝑢 ≤ 1 (4)
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Fig. 1. Worfklow of the methodology.

Fig. 2. (a) and (b): Well-log, (c) and (d): Histogram-boxplot, (e) and (f): Empirical (in black) and normal (in red) cumulative distribution function (cdf), (g) and (h): Scatterplot
and Pseudo-observation, (i) and (j): Experimental semivariogram (in black) and variance (in dashed red) of P-Impedance and effective porosity. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)
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can be approximated using Bernstein polynomials as (Perez and Palacín,
1987):

�̃�(𝑢) =
𝑛
∑

𝑘=0

1
2
(𝑥(𝑘) + 𝑥(𝑘+1))

(𝑛
𝑘
)

𝑢𝑘(1 − 𝑢)𝑛−𝑘 (5)

Similarly the univariate quantile function of the random variable 𝑌
can be derived.

Moreover, a smooth extension can be derived using Bernstein cop-
ula:

�̃�(𝑢, 𝑣) =
𝑛
∑

𝑖=0

𝑛
∑

𝑗=0
𝐶𝑛

(

𝑖
𝑛
,
𝑗
𝑛

)

(𝑛
𝑖
)

𝑢𝑖(1 − 𝑢)𝑛−𝑖
(

𝑛
𝑗

)

𝑣𝑗 (1 − 𝑣)𝑛−𝑗 (6)

for each (𝑢, 𝑣) in the unit square [0, 1]2, and where 𝐶𝑛 is as defined in
Eq. (3) (Sancetta and Satchell, 2004) y (Sancetta, 2007).

From Eq. (1) to Eq. (6), the univariate and bivariate cumulative dis-
tribution functions 𝐻(𝑥, 𝑦), 𝐹 (𝑥), 𝐺(𝑦) are estimated. These distributions
are inferred from the data and are then used to generate geostatistical
realizations of the reservoir properties, conditioned by the geophysical
measurements.

Conditional simulation algorithm
To simulate realizations from the random variables 𝑋 and 𝑌 ac-

cording to the measured data 𝑆 = {(𝑥1, 𝑦1),… , (𝑥𝑛, 𝑦𝑛)}, we follow the
algorithm in Nelsen (2006):

1. Generate continuous random variables 𝑢 and 𝑡 uniformly dis-
tributed in [0, 1].

2. Set 𝑣 = 𝑐−1𝑢 (𝑡) where

𝑐𝑢(𝑣) =
𝜕�̃�(𝑢, 𝑣)

𝜕𝑢
(7)

and �̃� is computed as in Eq. (6).
3. The couple is (𝑥, 𝑦) = (�̃�𝑛(𝑢), 𝑅𝑛(𝑣)), where �̃�𝑛 y 𝑅𝑛 are the

smoothed quantile functions of 𝑋, 𝑌 , in Eq. (5).
For a value 𝑥 of the random variable 𝑋 and 0 < 𝛼 < 1 let
𝑦 = 𝜑𝛼(𝑥) be the solution of

𝑃 (𝑌 ≤ 𝑦|𝑋 = 𝑥) = 𝛼. (8)

Then the graph of 𝑦 = 𝜑𝛼(𝑥) is the 𝛼-quantile regression curve of 𝑌
conditioned to 𝑋 = 𝑥. Nelsen (2006), shows that

𝑃 (𝑌 ≤ 𝑦|𝑋 = 𝑥) = 𝑐𝑢(𝑣)|𝑢=𝐹 (𝑥),𝑣=𝐺(𝑦), (9)

The results of Eqs. (7)–(9) leads to the algorithm for the 𝛼-quantile
regression curve of 𝑌 conditioned to 𝑋 = 𝑥 :

1. Set 𝑐𝑢(𝑣) = 𝛼.
2. Solve for 𝑣 = 𝑔𝛼(𝑢).
3. Substitute 𝑢 by �̃�−1

𝑛 (𝑥) and 𝑣 by �̃�−1
𝑛 (𝑦).

4. Solve for 𝑦 = 𝜑𝛼(𝑥).

Further details can be found in Erdely and Díaz-Viera (2010),
Hernández-Maldonado et al. (2012, 2014),Mendoza-Torres et al. (2017)
and Díaz-Viera et al. (2017).

The algorithms allows modeling the univariate and bivariate proba-
bility distribution functions of the properties of interest. However, the
simulation of the properties in the spatial domain requires a spatial
correlation function (i.e. the semivariogram). Simulated annealing is
then used for the stochastic spatial simulation of the properties of
interest, using a semivariogram model as objective function (Deutsch
and Cockerham, 1994a,b; Deutsch and Journel, 1998). At this stage,
optimization is required so that the spatial distribution function (semi-
variogram) of the petrophysical property of interest (𝑌 ) converges
to the proposed semivariogram. The procedure consists in reducing
the difference between the simulated semivariogram 𝛾∗(ℎ) and the
reference semivariogram 𝛾(ℎ) in Eq. (10), by minimizing the following
objective function

𝐹𝑂 =
∑

ℎ

[

𝛾∗(ℎ) − 𝛾(ℎ)
𝛾(ℎ)

]2
(10)

Table 1
Descriptive statistics of the measured data.

Statistics P-impedance Effective porosity

Minimum 5324.4324 0.0493
Median 6723.4581 0.1677
Mean 6953.9369 0.1654
Maximum 11,612.4245 0.2857
Variance 139,5507.9379 0.0012
Skewness 1.5870 -0.4323

Uncertainty quantification
Given a value of the seismic attribute 𝑋 = 𝑥, a range of possible

values of the petrophysical property 𝑌 = 𝑦 ± 𝛥𝑦 at the spatial point of
interest will be predicted. 100 simulations of the primary variable 𝑌
are obtained and then validated with the reference values of 𝑌 . The
simulations 𝑌 ∗ are conditioned to the secondary variable 𝑋 applying
two cosimulation methods: traditional SGCS and proposed BCSCS. The
uncertainty ranges were compared to the reference 𝑌 values. In addi-
tion, the descriptive statistics, the probability distribution functions and
the spatial distribution functions of the sets of 100 simulations 𝑌 ∗ were
compared to the reference solution.

The general workflow included (1) exploratory data analysis, (2)
variographic analysis, (3) simulations, and (4) uncertainty quantifica-
tion.

3. Validation case

The BCSCS method is validated and compared with the SGCS
method in a 1-dimensional case using well-log data from an offshore
field, in the province of the Mexican Cordilleras, Mexico. The main
reservoir includes a sequence of shale and sand. The petrophysical
property, effective porosity, and the elastic attribute, P-impedance (Ip),
come from the logs of a well with a sampling interval of 1 m and a
depth from 3035 m to 3380 m. P-impedance is used as conditioning
variable to simulate effective porosity. The simulated effective porosity
is validated with the reference data at the well-log scale.

First, we infer the joint distributions from the available data, then
we simulate the petrophysical properties conditioned by the elastic
properties and compare with the results with the data at the well
location.

3.1. Exploratory data analysis

Fig. 2(a) and (b) show the spatial distribution, mean, and median
of the reference data. P-impedance shows a moderate depth trend. We
assume that porosity is stationary since the local mean and variance do
not vary with the coordinates (Díaz-Viera, 2002).

Table 1 shows the statistics of P-impedance and effective porosity.
Fig. 2(c), (d), (e), and (f) show that the univariate probability distribu-
tion of P-impedance is skewed whereas effective porosity is close to be
unimodal and symmetric. Fig. 2(c), (d), (e), and (f) show the existence
of outliers.

In Table 2, Fig. 2(g), and (h), it is observed that P-impedance and
effective porosity show an average negative correlation, which means
that, in general, as the P-impedance increases, effective porosity de-
creases. Fig. 2(g) shows the scatterplot of the variables. Fig. 2(h) shows
the pseudo-observation in the range of empirical cumulative distribu-
tion functions (cdf), from 0 to 1. In addition, the pseudo-observation is
a representation of the copula. According to Sklar (1959), the copula
contains the information of joint dependence between the variables,
and the copula is independent of the marginal functions.

Table 2 shows that the Spearman and Kendall correlation coef-
ficients are consistent in the data and pseudo-observation domains,
whereas the Pearson’s correlation coefficient changes.
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Fig. 3. Semivariogram models and empirical semivariogram for P-impedance and
effective porosity in depth direction.

Table 2
Correlation coefficients.

Coefficients Observation domain Pseudo-observation domain

Pearson −0.7078 −0.5603
Spearman −0.5603 −0.5603
Kendall −0.4051 −0.4051

3.2. Variographic analysis

When the semivariogram is bounded to the extent of the variance,
then it is said that the variable has at least second-order stationar-
ity (Díaz-Viera, 2002).

Fig. 2(i) and (j) show that P-impedance has non-stationary behavior,
because its semivariogram grows with the square of the depth. In order

Table 3
Statistics of 100 simulations of effective porosity by SGCS and BCSCS, and reference
effective porosity.

Statistics BCSCS Reference data SGCS

Minimum 0.0493 0.0493 0.0492
Median 0.1688 0.1677 0.1673
Mean 0.1654 0.1654 0.1631
Maximum 0.2856 0.2857 0.2858
Variance 0.0012 0.0012 0.0020
Skewness −0.4691 −0.4323 -0.3331

to estimate a semivariogram model for P-impedance, it is necessary
to remove the trend. In Fig. 3, the estimated semivariogram model
for P-impedance and effective porosity is presented. The correlation
range is approximately 50 m. This assumption complies with the as-
sumption of the linear co-regionalization model of the traditional SGCS
method (Chilès and Delfiner, 2012).

The semivariogram model of the effective porosity 𝛾(ℎ) is a spherical
model with a nugget equal to 0.0006, a sill equal to 0.0012, and a scope
equal to 50.0 m.

3.3. Bernstein copula-based spatial cosimulation

Fig. 4 shows that empirical cdf of P-impedance and effective poros-
ity are step functions (in black), but P-impedance and the effective
porosity are continuous variables. Therefore, a smoothing technique
is necessary for those functions. According to the methodology, the
empirical cdf of P-impedance and effective porosity are approximated
by Bernstein polynomial through Eq. (5). Fig. 4 shows the results of
the approximation and also illustrates that Bernstein polynomial fits
well to the empirical cdf of P-impedance and effective porosity. For
comparison, the parametric Gaussian cdf does not fit the P-impedance
distribution (Fig. 4).

Fig. 5 shows the step function representing the empirical copula of
P-impedance and effective porosity (in black). The empirical copula
of P-impedance and effective porosity is approximated by Bernstein
copula through Eq. (6) and is shown in Fig. 5.

Based on the previous results, 100 simulations of the effective poros-
ity conditioned to P-impedance are simulated using the conditional
simulation algorithm proposed in the methodology section.

To reproduce the semivariogram model, we apply the simulated
annealing method with the objective functions in Eq. (10).

The proposed method is compared to sequential Gaussian cosimu-
lation (SGCS) based on a conditioning Markov model available in the
open source code SGeMS (Remy et al., 2009). The variable of interest is
effective porosity and secondary variable is P-impedance without trend.
100 simulations of the effective porosity conditioned to P-impedance
are simulated by SGCS using the same semivariogram model.

3.4. Uncertainty quantification

The simulations of the effective porosity conditioned to P-
impedance obtained with the two simulation methods are compared
and validated with the reference effective porosity. The univariate, bi-
variate, spatial distribution, as well as the modeling error the reference
and simulated effective porosity are compared.

In Fig. 6(a), the empirical univariate cdf results of the BCSCS
method (in blue) show the smaller uncertainty compared to those of
the SGCS method (in red). Table 3 shows the statistics of results of 100
simulations of effective porosity by the two methods and the reference
effective porosity. In particular, the variance of the results of the SGCS
method is almost the double the variance of the results of the BCSCS
method and the reference effective porosity.

Comparing the bivariate aspect through scatterplot and pseudo-
observation, Fig. 6(b) and (c) show that the results of the BCSCS
method (in blue) reproduce the property dependence better than the
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Fig. 4. Empirical cdf of P-impedance and effective porosity approximated using
Bernstein polynomial (in blue) compared to Gaussian cdf with mean and standard
deviation of the variable (in red). (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

results of the SGCS method (in red), compared to the reference data
(in black). Table 4 shows that the dependency coefficients (Pearson,
Kendall, Spearman) of the BCSCS method are closer to the references
than for the SGCS method. Therefore, the results of the bivariate
behavior of the SGCS method show greater uncertainty compared to
those of the BCSCS method.

In terms of the semivariogram model reproduction, Fig. 6(d) and
(e) show that the uncertainty of 100 simulated effective porosity by
the BCSCS method (in blue) is smaller than the results of the SGCS
method (in red) with respect to the reference semivariogram and well-
log data (in black). Moreover, Fig. 6(f) shows that the expected value
of 100 simulations of effective porosity by BCSCS method matches the

Fig. 5. Empirical copula and copula approximated by Bernstein copula of P-impedance
and effective porosity.

Table 4
Correlation coefficients of P-impedance and effective porosity for BCSCS, reference data
and SGCS.

Coefficients BCSCS Reference data SGCS

Pearson −0.6966 −0.7078 −0.5720
Spearman −0.5491 −0.5603 −0.6275
Kendall −0.3937 −0.4051 −0.4409

reference data. Therefore, the accuracy in Fig. 6(f) and precision in
Fig. 6(e) improve with the BCSCS method.

Finally, the error between simulated values and reference data is
analyzed. Table 5 and Fig. 7 show the histogram-boxplot and the
statistics of the errors between the reference data and 100 simulations
of effective porosity and confirm that the BCSCS method provides better
results.

4. Application case

The proposed method is finally applied to an in-line section of
inverted P-impedance section (Fig. 8(a)). The section shows a depth
interval including sand and shale lithologies. P-impedance has been
obtained from seismic inversion of amplitudes and travel-times, using
a traditional convolutional method where the seismic response is as-
sumed to be approximated as a convolution of the source wavelet and
the reflection coefficients computed from P-wave velocity and density.
The results of seismic inversion have been converted from time to depth
by using the predicted seismic velocity. The low P-impedance in the up-
per part of the interval suggests a potential high-porosity reservoir. The
goal of the application is to predict the effective porosity distribution
along the 2D section. The well log data in the previous section are used
to model the rock physics relation between P-impedance and effective
porosity. Seismic data and seismic properties estimated from the data
have a lower resolution than well log data due to the limited bandwidth
of the acquisition frequencies. Therefore, the models obtained from
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Fig. 6. (a) Empirical cdf of effective porosity, (b) Scatterplot of P-impedance versus effective porosity; (c) Pseudo-observation of cdf(P-impedance) versus cdf(effective porosity),
(d) Variogram and (e) Well-log of effective porosity (reference in black, 100 simulations by BCSCS in blue, 100 simulations by SGCS in red and variance in dashed red), and (f)
Well-log of effective porosity (reference in black, mean of 100 simulations by BCSCS in blue, mean of 100 simulations by SGCS in red). (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Table 5
Error statistics of BCSCS and SGCS.

Statistics BCSCS SGCS

Minimum −0.1351 −0.2183
Median 0.0002 −0.0005
Mean 0.0001 −0.0023
Maximum 0.1305 0.1771
Variance 0.0012 0.0021
Absolute Sum 908.1104 1267.168

seismic data are typically smoother, in the vertical direction, compared
to the corresponding well log data. The lateral continuity in the data
is generally due to the geological continuity of the geobodies in the
subsurface. The semivariograms are estimated from the P-impedance
models. Fig. 9 shows the anisotropic behavior of the semivariograms
of P-impedance in the vertical and lateral directions.

The BCSCS method is applied to predict effective porosity condi-
tioned to inverted P-impedance at the seismic scale using their joint
dependency model estimated at the well-log scale. This ensures that
univariate and bivariate distributions of the effective porosity in the

well-log scale will be reproduced. The vertical and lateral semivari-
ogram models of effective porosity are assumed to be similar to the di-
rectional semivariogram models of P-impedance, due to the correlation
between the two properties shown in the well logs.

Fig. 8(b) and (c) show the median value and the standard deviation
of 100 simulations of effective porosity conditioned to inverted P-
impedance. The predicted model shows a high-porosity region in the
upper part of the interval, that corresponds to the potential reservoir
layer according to geological interpretation and nearby wells. The
spatial structure of effective porosity is not identically the same as the
spatial structure of P-impedance because the joint dependence between
them is not linear. The semivariograms of the median value of 100
simulations of effective porosity in the vertical and lateral directions
are shown in Fig. 10.

5. Conclusions

The proposed method, namely Bernstein copula-based spatial cosim-
ulation, produces more accurate results compared to sequential Gaus-
sian cosimulation method. Indeed, the BCSCS method can model the
dependence between the random variables of interest, without assum-
ing a linear dependence between variables nor parametric probability
distribution functions.
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Fig. 7. Histogram-boxplot of errors of 100 simulations of effective porosity by BCSCS
and SGCS.

The validation study shows that the BCSCS method provides more
accurate results and more precise uncertainty quantification than stan-
dard simulation methods such as SGCS. The application showed an
example of how the BCSCS method can be applied by combining the
data from different scales, such as borehole and surface geophysics
scale.

The proposed approach can be extended to multivariate problems
with several elastic attributes to predict a set of reservoir proper-

Fig. 8. (a) In-line section of inverted P-impedance of seismic data; (b) Median value
and (c) Standard deviation of 100 simulations of effective porosity.

ties of interest, including porosity, mineralogy, and fluid saturations.
This extension can be achieved by using multivariate copula or by
applying standard multivariate statistical procedures or machine learn-
ing algorithms. Furthermore, the method can be implemented for 3-
dimensional applications.
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Fig. 9. Semivariogram models and empirical semivariogram of P-impedance along the
in-line section.
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